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New solutions a r e  given for  the energy equation of a c o m p r e s s i b l e  boundary l ayer  at a plate  
in absence  of heat  t r a n s f e r .  

In [1] was obtained a more  genera l  solution of the energy equation for  an incompress ib le  boundary 
l aye r  when P r  = 1 and X and # a r e  constant ,  which differs  f r o m  the f ami l i a r  Croceo integral  by the addit ion-  
al t e r m  COu/Sy. Assuming  that the gas is incompress ib le  inside the boundary layer ,  this solution n e v e r t h e -  
l e s s  sa t i s f ies  the condition i = i~ at the outer  boundary even when there  is a p r e s s u r e  gradient  for  which 
there  is no physica l  ba s i s .  In addition, when the gas is incompress ib le  the v i scos i ty  coefficient  depends 
significantly on the t empe ra tu r e .  Hence it is appropr ia te  to genera l ize  the solution obtained in [1] to the 
p rob lem of the flow of a c o m p r e s s i b l e  gas pas t  a p la te .  

For  g =/~0{T/T0) and P r  = 1 the equations for  the c o m p r e s s i b l e  boundary l aye r  in the va r i ab l e s  u and 

a~z oz 
Z ~ - -  = % u  - - ,  ( 1 )  

Ou ~ :, O~ 

O2i Oi 
Z ~" - % u - - - ,  ( 2 )  

Ou 2 a~ 

take the fo rm 

where  Z = v0(Su/~) is the ndis tor ted"  fr ic t ion s t r e s s ;  i = epT + u2/2 is the enthalpy of the gas .  Equation (1) 
can be solved independently of (2). It is easy  to see  that the solution of Eq. (2) is 

i = aZ -~- bu + c. (3) 

For  an impe rmeab le ,  thermal ly- i so la ted  plate  b = 0 and as ~--*~, Eq. (3) becomes  Croeco ' s  solution.  Using 
the f ami l i a r  solution due to Blas ius ,  Z = ~]v0u~/~f" , we find an express ion  for  the t e m p e r a t u r e  

~ o U ~  [,i  Lt2 
T ~ - -  - -  - -  c v - ~  2cp ~- To. 

The constant  a can be de te rmined  by specifying the t e m p e r a t u r e  of the plate  nea r  the leading edge. On Fig. 1 
a r e  given graphs  of the t e m p e r a t u r e  dis t r ibut ions and the rma l  fluxes for  M = 4 and T = 500~K when } = 10 
cm.  Thus,  when there  is no heat  t r an s f e r  at the plate ,  Eq. (2) is sa t i s f ied  by two solutions: C rocco ' s  integral  
and (3). We can a s s u m e  that there  is a whole se t  of s i m i l a r  solut ions.  We at tempt  to find them by an ap -  
p rox imate  method.  If we subst i tute  Z = 4rv0u3/~f ' '  in (2) and wri te  it in nondimensional  va r i ab l e s  u = u/uoo, 

a' i, i ,  = i-i . (4) 
�9 a~ -~ a~ 

F u r t h e r ,  in  (4) we  put  f "  ~ 0.332 ~ -  u -~ and i n t r o d u c e  the v a r i a b l e  t = u -~ 

t ( 1 - - t )  o2i' 2 0il =-~ Oil 
~ + - ~ O - - t )  at a~ (5) 
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Fig. i. Graphs of the temperature distributions (a) and the heat 
fluxes (b) in the boundary layer of a plate for various values of 
~, inculcated by the numbers attached to the curves (M = 4; T 
= 500~ ~ = 10 cm; y, m; 0T/ay, deg/m). 

A f t e r  s e p a r a t i n g  the v a r i a b l e s  we  ob ta in  the  equa t ions  

- -  t) Q" (t) -~- -~-  (1 - -  t) Q' (t) - -  kQ  (t) = O, t ( l 

k 
- -  . 

The s o l u t i o n  of (7) is  r = ~k.  The  h y p e r g e o m e t r i c  equa t ion  (6) has  the so lu t i on  [2] 

Q(t) = A F ( a ,  ~, ~; t)-} Btl-VF(a,, ~,, u t) 

The  p a r a m e t e r s  of the  h y p e r g e o m e t r i c  func t ions  a r e :  

- - 1 + _ ~ 1 - - 3 6 k  - - l ~ W l - - 3 6 k  2 
a =  6 ; 1~=  6 ; V = - f  ; 

a t : l ~ y + a ;  ~1:l--y~-~; yt=2--y. 

(6) 

(7) 

(s) 

(9) 

The  s o l u t i o n  of  Eq.  (5) m u s t  s a t i s f y  the  b o u n d a r y  c ond i t i ons  

i 1 = 0  for u = l ,  

0ii = 0  for u -=0 .  
0u 

It fo l lows  f r o m  the l a s t  cond i t i on  tha t  B = 0. F r o m  the c o n d i t i o n  a t  the  o u t e r  b o u n d a r y  of the l a y e r  we f ind 
tha t  

Ae (~, ~, v; l ) -  o. 

If a n o n t r i v i a l  s o l u t i o n  is to e x i s t  i t  is  n e c e s s a r y  tha t  A # 0. Then  F ( a ,  fl, y; 1) = 0. S ince  

F(a, v; i ) =  
r ( v -  a) r (~ - ~) ' 

e i t h e r  F ( y  - c~) = oo o r  F ( y - / ~ )  = ~o. Wi thou t  l o s s  of g e n e r a l i t y  we  can  a s s u m e  that  r ( y -  a )  = o o .  Hence  
y - a  = 0, - 1 ,  - 2 ,  . . .  , - n .  F r o m  this  we ob ta in  the equa t ion  

The  r e q u i r e d  so lu t i on  t a k e s  the f o r m  

k = - -  (1 q- n) (2 -k 3n) 
3 

= i v  + A F ( ~ ' ~  ' 'e; t) 

The fo l lowing  l i n e a r  s u p e r p o s i t i o n  is  a l s o  a s o l u t i o n  of (5): 

n={)  ~ - - h  

= ~ (n). 
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Graph of the t e m p e r a t u r e  of the 
plate  as a function of ~ when there  is a zone 
1 < ~ < 2 with heat  exchange.  

Thus,  we have a whole spec t rum of "nonheat-conduct ing" 
solutions (n = 0, 1,2 . . . .  ). These  solutions can eas i ly  be 
genera l ized  using Mangle r ' s  t r ans fo rmat ion  to a x i - s y m -  
me t r i c  boundary l a y e r s .  Thus,  for  the g rad ien t l e s s  flow 
of a c o m p r e s s i b l e  gas round a cone, Eq. (3) takes the f o r m  

i = a ~  g @ - b c p T  o. 

In spi te  of the fact  that ~" = 0, the solutions we have found 
have the fea tu re  that they a r e  of in teres t  f r o m  the point of 
view of the poss ib le  occur rence  of a thermal ly- i so la ted  

sur face ,  and a f o r t i o r i  that the s ingular i ty  at the ve r t ex  of the plate  (cone)has no effect on the c o r r e c t n e s s  
of the solutions of the equations of the boundary l aye r .  

As a physica l  example ,  cor responding  to the solutions given above,  we cons ider  the p rob lem of the 
t he rma l  boundary l ayer  of a plate  for  which at a d is tance l f r o m  the leading edge there  is a zone 1 < ~ < ~2 
with heat  exchange: 

0il I --~u /~=o = c~q = const,where q = u| ~ OT 
% % Og 

The r e m a i n d e r  of the plate is a s sumed  to be thermal ly  isolated.  We a s s u m e  that C rocco ' s  solution i = t v 
is valid for  the initial segment  l. The p rob lem is to de te rmine  the solution of Eq. (5) for  1 < ~" < ~.  We s e e k  
the solution by an operat ional  method.  We introduce the va r i ab le  s = ln~" into (5) and make a Laplace  t r a n s -  
fo rmat ion  with r e s p e c t  to s: 

d~i~ 2 di; �9 �9 
t(1 - - t )  ~ q- T (1 - - t ) ~  -,--pi~ = --pi~ (s = 0). (10) 

The initial and boundary conditions a r e  

oi; 

i, - 0  for s ~ O ,  

i ~ = 0  for u =  1, 

=Cpq[1--exp(--p@] for u =  0. (11) 

Substituting the initial condition in (10), we obtain an equation, s i m i l a r  to (6), which has the solution 

i l =AF(a,  ~, 7; t )~Bl t -VF(al ,  ~1, 71; t). (127 

Here  the p a r a m e t e r s  of the hype rgeome t r i c  functions a r e  given by (9) if k is rep laced  by p. The las t  bound- 
a ry  condition of (11) allows us to de te rmine  

B = cpq [1 - -  exp (--  ps2) I. 

F rom the condition at the outer  edge of the l ayer  we find that 

A = - - B  F(al' 61, 371; 1) 
F(a, 6, 7; 1) 

Using the functional re la t ions  for  the -/-function 

r ( v -  ~) = r ( 6  + I) = ~ r  (6), 

r ( v -  ~) = r ( ~  ~- 1) = ~ r  (~), 

r ( ~ )  r ( ~ - - a )  r (v- -~)  
F(y) F(7~--%) F(y~--6~) cpqI1 --exp(--ps2)l. 

r ( , h - - e d  = r (1 -t- 1~) = r (1 - -  a) = 

r ( ~ , - 6 1 )  = r o  + %) - r ( 1 - 6 )  

we can t r a n s f o r m  the express ion  for  A to the f o r m  

r (~) sin ~a 

Jl 

F (~) sin n6 '  
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la (~l/1).. CI,~F 2 ((/,) F 2 (fi) sin na sin n[~ %q [1 - -  exp ( - -  ps2) 1. 
A = - -  r ( v ) , ,  . 

Subst i tu t ing  A and B in (12) we  obta in  the so lu t ion  in the t r a n s f o r m e d  s p a c e .  The o r ig ina l  is 

i 1 = -  

o+i~. 
1 

2aj f '  
o---/" ~ 

r (v,) 
al~F ~ (a) F z (13) sin na sin ~[3 %q [1 ~ exp ( - -  ps2) ] X F (a, ~, y; t) exp (ps) d___pp 

r (y)  n 2 ' p 

1 f dp + - ~ ]  cpq[1 ~exp(~ps2)]lV-Vexp(ps)F(al,  ~,, u t ) - - - p  

It  is e a s y  to e s t a b l i s h  that  the in tegrand  of the f i r s t  t e r m  is a m e r o m o r p h i c  funct ion with s i m p l e  po les  c~ n 
= - n  or  fin = - n .  Put t ing  ~n = - n ,  f r o m  (9) we find that  Pn = - [ ( 6 n  - 1) 2 - 1 ] / 36 ,  f~n = (3n - 1) /3 .  Hence ,  
the f i r s t  t e r m  can  be r e p l a c e d  by  the s u m  of the r e s i d u e s  a t  the po les  Pn and the so lu t ion  of (13) is t r a n s -  
f o r m e d  to the f o r m  

w h e r e  

_ _  Cpq~ V'-3 ~ 6n- -1  
i - - i ~  = - -  6 : ~ (n!)" 

n,~-t 

(6n--l)Z--I 

36 

(13) 

(14) 

6 = { 1  for ~ > ~ ,  

0 for ~<~2,  

w h e r e  I2, the second  t e r m  in (13), is the in t eg ra l  of an en t i r e  funct ion and v a n i s h e s  when u = 0. In (14) F(C~n, 
fin, Tn; t) v a n i s h e s  when t = 1 and,  in addi t ion,  (~)F/0u)ff=0 = 0. Thus ,  (14) is the s u m  of two t e r m s ,  the f i r s t  
of which  

(6u--l)~--I 
]a == c_pq~ Y 3  ~-~ 6 n - - 1  F2 ( 3 n 3 1 )  x [1 --55 3-----C---] F (an, ~r~, Y~; t) 

6 ~ (n!)2 (6~-,)~-, n~l  ~- 36 

is  the l i nea r  s u p e r p o s i t i o n  of a p p r o x i m a t e  "nonhea t - condue t ing"  so lu t ions ,  p r e v i o u s l y  d i s c u s s e d .  F o r  the 
t e m p e r a t u r e  at  the p la te  (u = 0) we obta in  the e x p r e s s i o n  

~_~ ( ~ _ l _ )  (6~-,)~-~ 1 (15) 
6 (n!) ~ 

n~O ~ 36 

We see  f r o m  (15) that  the t e m p e r a t u r e  of the p la te  in this p r o b l e m  is d e t e r m i n e d  only by a l i nea r  s u p e r -  
pos i t ion  of a p p r o p r i a t e  "nonhea t - condue t ing"  so lu t ions .  On F i g . 2  is shown a g r a p h  of (T w - T o ) / q  as  a f unc -  
t ion of ~" fo r  q = cons t .  

x , y  

U ,  V 

a,  b ,  c 

u 
P 

l 
T 
F 
n 

? 
J 

NOTATION 

are the longitudinal and transverse coordinates; 
are the Dorodnitsyn variables; 
are the longitudinal and transverse velocity components; 
a r e  cons t an t s ;  
is the h e a t - t r a n s f e r  coef f ic ien t ;  
is the dynamic  v i s c o s i t y  coef f ic ien t ;  
is the k ine t ic  v i s c o s i t y  coef f ic ien t ;  
ts a c h a r a c t e r i s t i c  d i m e n s i o n  of the body; 
~s the abso lu t e  t e m p e r a t u r e ;  
is the E u l e r  T- func t ion ;  
~s a pos i t i ve  in teger ;  
is the spec i f i c  hea t  c apac i t y  of the gas ;  
is the t h e r m a l  conduc t iv i ty  coef f ic ien t ;  
is the i m a g i n a r y  unit,  ~ - 1 ;  
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T 

M 
is the friction stress; 
is the Mach number. 

S u b s c r i p t s  

w is for parameters at the wall; 
0 is for gas parameters for adiabatic drag; 

is for gas parameters in the undisturbed flow. 
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